By considering various functions of the Volterra operator V, examples are obtained to show that (i) similar contractions need not have the same defect numbers, (ii) unicellular operators may have large spectra, and (iii) the disk |z| 5^ \\T\\ need not be a minimal spectral set for an operator T of the form 1 + compact. A complete description is also given of those disks that are a spectral set for some conjugate of V.
1. The purpose of this note is to exploit a few simple computations and facts concerning the Volterra operator V defined on L2(0, 1) by Vf(x) = $of(t)dt. These yield a description of those disks that are spectral sets for some conjugate X~XVX of V. This in turn is used to obtain some information about the numerical range of X~WX.
By considering various functions of V we also obtain examples of (i) an operator T of the form 1 + compact for which the disk |z| _ || P|| is not a minimal spectral set, (ii) two similar contractions that have different defect (and hence, an affinity intertwining two contractions that cannot be lifted to an affinity intertwining their unitary dilations), and (iii) a unicellular operator with a large spectrum.
In the statement of some of the results we shall make use of another realization of V, namely that in which the Cayley transform (1 -V) x (1 + Vy1 is unitarily equivalent to the compression operator S(m) = PS\ JG(w), where S denotes the classical unilateral shift: Su(X) = Xu(X) on H2, and P is the orthogonal projection of H2 onto 3£(m) = CIPRIAN FOIA5 AND J. P. WILLIAMS [January Proof.
Suppose that X~XVX= XV where X is an affinity. Then (see [8]) \\x\\)~x = ix-wxmm = w ^ 11*11 wx-i forn = 1, 2, 3, • • • , so that \X\ = 1. Now (1 -XzV)"1 = X~\\ -zV)~xX for any complex number z. Also, for/e L2(0, 1): (1) (1 -XzVy-fix) = f{x) + Xz exp (Xz{x -t)) ■ fit) dt.
Hence exp iXzx) = X-X(l -zV^XQ), so that ||exp {-Xnx)\\ = \\X-i\\ \\X\\ ||(1 + nVYH ^ \\X\\ for n _ 0 because Re V = 0. This implies that Re X _ 0. Since XkV = X~*VXk for k _ 1, the same argument shows that Re Xk _ 0 for k = 1, 2, 3, • • •. This implies X _ 0. Hence X = \X\ = 1.
3. A closed subset a of the plane is called a spectral set of an operator T on a complex Hilbert space if a contains the spectrum cr(T') of T and if ||w(T)|| = sup {|w(z)| :z e a} for each rational function u with no poles in a. J. von Neumann [9] showed that for any complex number X the disk |z -X\ _ || T -X\\ is a spectral set of T. Also, the closed right half-plane H+ is a spectral set of T if and only if Re T _ 0. Proof. Equation (1) implies that if en is a complex number then (1 -dVy1 = 1 + cnM^VM^1 where Ma denotes the operator of multiplication by exp (car) on L2(0, 1). Thus V is similar to MXVM~X = F(l -olV)-1 = Va for any complex a. Let X > 0 and let a = -1/2/1. Then \\VX -X\\ = X ||(1 -aK)_1(l + *^)ll = * because V has positive real part and 0 e cr(Ka). The disk Dk is therefore a spectral set of Vtt.
Conversely, suppose that Dx is a spectral set of some conjugate of V. Then there is a positive constant c such that for any complex number a satisfying |1 4-a| > 1. The left member of this inequality is at least ||/|| where f(x) = (1 + (l/aAjT/)-1! = exp (-xja.X). From this it follows easily that X is real (take oc = it, t real) and that X > 0 (take a > 0).
Remark.
In [15] it was shown that any convex neighborhood of the spectrum of an operator T is a spectral set for some conjugate of T. This Proof. The minimal strong unitary dilations of the operators T and S(m) above are the bilateral shifts of multiplicity K0, resp. one which are obviously not similar.
Remark.
Recall that if 7\ and T2 are contractions on JC, resp. J£2, and if X is an intertwining operator (i.e., TXX = XT2), and if U1 and U2 are the minimal strong unitary dilations of T1 and T2, then there exists an 
Proof.
Let y>(z) = (1 -z)(l 4-z)_1. Then since 77+ is a spectral set for T, the unit disk D = y(77+) is a spectral set for rp(T). If 77_ is a spectral set for X XTX, then the exterior of D (= xp{H~)) is a spectral set for fiX^TX) = X-hp(T)X. These facts imply that {\\y(T)±n\\: n = 1, 2, To prove this we use the following lemma (pointed out to us by J. G.
Stampfli):
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 5. In [16] is was shown that if T is a completely nonnormal operator (i.e., without any nontrivial reducing subspace C such that T | C is normal), and if there is a number |a| < ||F|| such that T -v. is compact, then the disk \z\ ^ || I'll is a minimal spectral set of T. We now show that this condition on a is best possible: Proposition 5. There exists a completely nonnormal operator A of norm 1 such that A -1 is compact and such that the unit disk is not a minimal spectral set of A.
Proof.
The operator A = (1 + 2Vyx is clearly completely nonnormal and A -1 is compact. Hence ||.4|| ^ 1. Since the right half-plane H+ is a spectral set of V it follows that {(1 + 2X)~1:X e H+} = D1/2 is a spectral set of A.
6. Another question that can be answered by studying the commutant of V is that of the existence of unicellular operators whose spectra contain more than one point. Indeed, we have the following theorem (whose origin lies in [4, Proposition 2] and in a subsequent suggestion of R. G. Douglas): Proposition 6. There exists a unicellular operator W whose spectrum contains more than one point.
Let G be a bounded, simply-connected planar region that is its own Caratheodory hull (see [11] ) such that some prime end E of G does not contain an accessible boundary point (see [5, p. 40 On the other hand, a theorem of Farrell [l] implies that the identity function is a weak-star limit of a sequence of polynomials in w, i.e., (see [11, Lemma 1] ) there exists a sequence {pn} of polynomials such that for \X\ < 1 the sequence pn(w{X)) is uniformly bounded and converges to X. But then, by the functional calculus for contractions (see [14, Chapter III]), the sequence pn(W) converges in the weak operator topology to S(m). Therefore any invariant subspace for W is also invariant for S(m). Since S(m) is unicellular, so is W.
Remarks.
(1) The argument shows that W and S(m) have the same (closed) invariant subspaces. Note also that W is unitarily equivalent to an operator in the commutant {V}' of V.
(2) Proposition 6 yields a negative answer to a conjecture of P. Rosenthal (see [6] ). Which of these possibilities actually holds?
(ii) Must the closure of the numerical range W(T)~ of a bounded operator T be a spectral set of some conjugate of T1 The answer is affirmative if W(T)~ is a disk (see [14, Chapter II]) or if T is the Volterra operator (Proposition 2). The answer is also affirmative if the spectrum of T is contained in the interior of the numerical range of T [15] , or if the underlying Hilbert space is finite-dimensional (because the eigenvalues in the boundary of W(T) correspond to reducing eigenspaces of T [7] so that the result in [15] applies).
